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Abstract. Let Ai he a, semi-finite von Neumann algebra equipped with a distinguished 
faithful, normal, semi-finite trace r. We introduce the notion of equi-integrability in non- 
commutative spaces and show that if a rearrangement invariant quasi-Banach function space 
E on the positive semi-axis is a-convex with constant 1 and satisfies a non-trivial lower q- 
estimate with constant 1, then the corresponding non-commutative space of measurable 
operators E{M,t) has the following property: every bounded sequence in E{M,t) has a 
subsequence that splits into a i^-equi-integrable sequence and a sequence with pairwise dis- 
joint projection supports. This result extends the well known Kadec-Pelczyhski subsequence 
decomposition for Banach lattices to non-commutative spaces. As applications, we prove 
that for 1 < p < oo, every subspace of LP(7W,t) either contains almost isometric copies of 
£P or is strongly embedded in LP{M,t). 



1. Introduction 

In Kadec and Pelczynski proved that if 1 < p < oo then every bounded sequence 
{fn}'^=i in -^^[0, 1] has a subsequence that can be decomposed into two extreme sequences 
{S'fclfcLi and {/ifcj^i, where the h^s are pairwise disjoint and the g^s are Lp-equi-integrable 
that is hm sup;. IIXAS'fcllp and -L Qk for every k > 1. This result was used to 

m{A)^0 

study different structures of subspaces of ^^[0, 1]. Later, the same decomposition property 
was proved for larger classes of Banach function spaces (see for Orlicz spaces with A2- 



condition and g-concave lattices, [T^ for some symmetric spaces). There are however Banach 
lattices with sequences for which the above decomposition is not possible. Examples of 
reflexive, p-convex Banach lattices without the subsequence decomposition can be found in 
a paper of Figiel a/ 0. Subsequently, Weis pO| characterized, in terms of uniform order 



continuity conditions and ultrapowers, all Banach lattices where such property is possible. 
For the case of rearrangement invariant function spaces, the order-continuous spaces, in 
which the above decomposition works, were fully characterized as those that have the Fatou 
property (equivalently, those that contains no subspace isomorphic to cq). In [0], a version 
of Kadec- Pelczynski decomposition was considered for preduals of semi-finite von Neumann 
algebras. 
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It is the intention of the present paper to give an extension of the Kadec-Pelczyhski 
decomposition stated above to the case of general non- commutative symmetric spaces of 
measurable operators. Let be a von Neumann algebra, equipped with a distinguished 
faithful, normal, semi-finite trace r and E he a rearrangement invariant Banach function 
space on [0, 1] or the half line (0, cxo). We define equi-integrability in the non-commutative 
setting as generalizations of Akemann's characterization of weak compactness on preduals of 
von Neumann algebras. Using such notion, we provide an analogue of the Kadec-Pelczyiiski 
decomposition for non-commutative spaces. Namely, we proved that if E is order continuous 
and satisifies the Fatou property then the corresponding symmetric space of measurable 
operators E{Ai,T) has the subsequence splitting property. Our approach allows ones to 
consider more general spaces such as quasi-Banach rearrangement invariant spaces that are a- 
convex with constant 1 and satisfy non trivial g-lower estimate with constant 1. In particular 
splitting of bounded sequences is valid in non-commutative L^-spaces for < p < oo. It 
should be noted that Sukochev obtain a similar result for the case of finite von Neumann 
algebras. We also remark that since cq fails the subsequence splitting property, our result 
for the case where ii^ is a Banach space case is the best possible. 

As application of the main result, we study the structure of subspaces of L'p{M.,t) for 
1 < p < oo which generalizes the case p = 1 treated in [0] . 

We refer to |jl2| and [jl9| for general information concerning von Neumann algebras as well 
as non-commutative integration, to il^ and for Banach lattice theory. 



2. Definitions and preliminary results 

Throughout, is a given Hilbert space and M. C B{H) denotes a semi-finite von Neumann 
algebra with a distinguished normal, faithful semi-finite trace r. The identity in M. will be 
denoted by 1 and M.p will stand for the set of all (self adjoint) projections in A^. A closed 
and densely defined operator a on if is said to be affiliated with M. iiua = au for all unitary 
operator u in the commutant A^' of M.. 

A closed and densely defined operator x, affiliated with M., is called r- measurable if 
for every e > 0, there exists an orthogonal projection p G such that p{H) C dom(x), 
t{1 — p) < £ and xp & M.. The set of all r-measurable operators will be denoted by Ai. 
The set Al is a *-algebra with respect to the strong sum, the strong product and the adjoint 
operation. Given a self-adjoint operator x in Al, we denote by e^(-) its spectral measure. 
Recall that el^l(i?) G M for all Borel sets S C M and x E M. For fixed x E M and t >0, 
we define 

= inf {s > : r(el^'l(s, oo)) < t} . 

The function ;U(.)(x) : [0, oo) [0, oo] is called the generalized singular value function (or 
decreasing rearrangement) of x. We note that fit{x) < oo for every t > 0. For a complete 
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study of yU(.), we refer the reader to [||. The topology defined by the metric on Ai obtained 
by setting 

d{x, y) = inf {t > : yUt(a; — y) <t} , ioi x,y E M., 

is called the measure topology. It is well-known that a net {xa)a&i in M. converge to x E M. 
in measure topology if and only if for every e > 0, 5 > 0, there exists E I such that 
whenever a > ao, there exists a projection p G Aip such that 

\\{xa - x)p\\j^ < e and t{1 - p) < 6. 

It was shown in that {A4, d) is a complete metric space. 



Recall that if we consider Ai = L°° [M.'^ , m) , where m is the Lebesgue measure on 
then Ai is an abelian von Neumann algebra acting on L'^{M.~^,m) via multiplication, with 
the trace being the integration with respect to m, then At = L°(]R+,m) (the usual space 
of all measurable functions on IR+) and the generalized singular value fi{f) is precisely the 
decreasing rearrangement of the function |/| (usually denoted by /* in Banach lattice theory). 

Definition 2.1. A symmetric quasi-Banach function space on is a quasi-Banach lattice 
E of measurable functions with the following properties: 

(i) E is an order ideal in L^(R+,m); 



(ii) E is rearrangemant invariant in the sense of (p -114),' 



(iii) E contains all finitely supported simple functions. 

Unless stated otherwise, E will always denote a symmetric quasi-Banach function space 
on R"*". We define the symmetric space of measurable operators E{At, r) by setting 

E{M, r) := ^^x e M : ^i{x) G 

and 

ll^llE(^,r) = for all X G ^(A^,r). 

It is shown in (Lemma 4.1) that if E is a-convex (for some < a < 1) with constant 
1, then II ■ ||_e(a^,t) is an a-norm that is for every x, ?/ G E{A4,t), 

11^ + y\\E(M,T) — \\^\\e{M,t) + ll?/ll£;(X,r) • 

Equipped with || ■ \\e(m,t), the space E{Ai,T) is a a-Banach space. The space E{Ai,T) is 
often referred to as the non- commutative analogue of the function space E. We remark that 
if < p < cxD and E = LP(M+,m) then E{Ai,T) coincides with the usual non-commutative 
L^-space associated to the semi- finite von Neumann algebra At. Also if E = L°°(]R"'", m), 
then L°° [At , r) is the von Neumann algebra At . We refer to 01, P and for some 
background on the space E{A4, r). 
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Definition 2.2. A quasi-Banach function space E is said to satisfy a lower q-estimate if 
there exists a positive constant C > such that for all finite sequences of mututally 

disjoint elements in E, 



(Eii-"r)'^^llE 



Xr, 



The least such constant C is called the constant of the lower g-estimate. Recall that if E 
is a quasi-Banach function space and 1 < p < oo, 



E^P^ = {xe L°(R+,m); \x\p G E} with = || 

We will need the following known result. A proof can be found in [0. 

Proposition 2.3. Assume that E is order- continuous and a-convex with constant 1 for 
some < a < 1. 

(i) If X G E{M.^t) and e < f are projections in M. then \\exe\\E{M,T) < ||/^/||e(x,t)/ 

(ii) If X E E{A4,t) and ep [pQ is a net of projections in M. then \\xep\\E{M,T) [p 0. 

The following definition isolates the main topic of this paper. 

Definition 2.4. Let E he a quasi-Banach function space on M"^ and K he a hounded suhset 
of E{A4, r). We will say that K is _E-equi-integrable if lim sup^.g^ l|6na;e„,|| n;/,^ ,-1 = for 

every decreasing sequence {en}'^=i of projections with Cn in 0. 

We remark, from Proposition |273| , that since {e„}5JLi is decreasing, so is the sequence 
jsup^g^ ||e„xe„||^(_^ ^-)| and therefore the limit in the definition above always exists. 
This definition was motivated by the commutative case on one hand and the characterization 



of weakly compact subsets of L^{Ai,T) by Akemann (see also |19| p. 150) on the other. 
Using this terminology, Akemann's characterization can be stated as in the commutative 
case: relatively weakly compact subsets of L^{A4,t) are exactly the equi-integrable sets. 
Such characterization is not valid in general. For 1 < p < oo, any set of normalized disjoint 
sequence cannot be L^-integrable but since is reflexive, such set is relatively weakly 
compact. 

On the next proposition, we will show that for the general case, one implication always 
holds. 

Proposition 2.5. Assume that E is an order- continuous symmetric Banach function space 
and K is a E-equi-integrahle set in E{M.,t) then K is relatively weakly compact. 

The proposition will be proved in several steps. Recall that if £^ is a symmetric Banach 
function space, then E{M., r) is a subset of L^{M., r) + and therefore if p is a projection 
in L^(A^, t){~\ M. and i^' is a subset of £'(A^, r), then pK and Kp are subsets of L^(A^, r). 
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Lemma 2.6. Let p be a projection in L^{Ai, r) fl and K be a E -equi-integrable subset of 
E{Ai,T). The sets pKp and pK{l — p) are relatively weakly compact in L^{Ai,T). 

To see this lemma, it is enough to check that these sets are L^-equi-integrable. Let 
T : E{M,t) — y L^{M,t) be the hnear map defined by x — ^ Tx = pxp. This map is well- 
defined and one can deduce from the closed graph theorem that it is bounded. Let {en}^=i 
be a sequence of projections with in 0. For each n > 1, set /„ to be the right support 
projection of CnP- By the definition of support projections, fn < P- So {fn}'^=i is a sequence 
of finite projections. We also note that (see for instance the proof of [|l^. Proposition 1.6 
p.292]), 

/„ = e„V(l-p)-(l-p) 
and by Kaplansky formula (see for instance p!2| . Theorem 6.1.6 p. 403]), 

/n ~ e„ - Cn A (1 -p). 

Since r(/n) = r(en -e„ A (1 -p)) < r(p) and {e^-e^ A(l-p)}~=i converges to zero, {/„}~=i 
converges to zero. Now since the /„'s are finite projections, we conclude that if gn = Ak>nfk, 
then {(/nj^^Li converges to zero. Therefore, for every x & K, 

111 = \\(inP{gnXgn)pen\\i 
< \\p{9nXgn)p\\i 
— 1 1^1 I ■ \\9nXgn\\E(M,T) ■ 

Since K is E'-equi-integrable, one obtain that 

Ji^SUPygp^p||e„?/e„||^ - ' i™o^^P=«Gi^ lkn^^nlU(A4,r) = ^ 

which concludes that pKp is relatively weakly compact in L^{Ai, r). 

For pK{l — p), set S : E{Jli, r) L^{J\4, r) be the map defined hj x ^ Sx = px{l — p). 
As above, S is bounded. Let {en\'^=i and {gn}'^=i be sequences of projections as discribed 
above. For each n > 1, let s„ be the left support projection of (1 — p)e„. Then s„ = e„V]9 — p 
for every n > 1 and the sequence {sn}'^=i is decreasing. It is claimed that s„ J,„ 0. 

For this, it is enough to check that e„ V p |„ p. In fact, V p — ~ p — e„ A p and the 
sequence defined by the right hand side of the equivalence converges to p which implies that 

lim r(e„ V p - e„) = lim r(p - e„ A p) = r(p) 

n— >oo n— >oo 

which gives 



lim r(e„ V p - p - e„) = 0. 

n— +00 

But since (e„ V p — p — e„)^ = (e„ V p — p — e„) + e„p + pe„, we can conclude that 

lim ||e„ y p-p- Cnh = 0. 



n— >oo 
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From this, we get (by passing to a subsequence if necessary) that {e„ V p — p — en}'^=i 
converges to zero in measure. Similarly, {e„ \/ p — p — pen}'^=i converges to zero in measure 
so Cn V p |„ p hence s„ in 0. 

To conclude the proof of Lemma |2]^, note that gn -L s„ so gn^ Sn = gn + Sn- In particular, 
5'n V s„ In and we get that 

lim sup g ) ||en?/e„||^ = lim sup^,g^ ||e„px(l - p)e„||^ 

= lim sup^g^ ||e„p(5f„ V s„)x(5f„ V -p)e„||^ 

< lim sup^g^ \\p{gn V Sn)x{gn V - p)\\^ 

< \\S\\ ■ lim sup^g^ ||(c/„ V Sn)x{gn V . = 0. 

n— >oo ^ ' ' 

The proof is complete. 



Lemma 2.7. Let p and K he as in Lemma \27q . Then pK is relatively weakly compact in 
E{M,r). 

Note first that pK is £'-equi-integrable. This can be seen by applying the series of argument 
used in Lemma |2.6| , considering the operators T and S as maps from E{A4, r) into E{Ai, r). 

Let {pXn}'^=i be a bounded sequence in pK. From Lemma reffinitecompactl, we can 
assume that {pxn}'^=i is weakly convergent in L^{A4,t). Fix ip G E*{Ai,T)^ and let ip = 
f^t dct be its spectral decomposition. For each A; > 1, set qk ■= e'^((0, k)). We remark that 
f(lk = <ik^ £ M.. For m, n G N, 

(V9,pX„ - pX^) = (V5 - ^qk,PXn - PXm) + {^qk,PXn " PXm) 

= {ip{l - qk),pXn -pXm) + {fqk,PXn - PXm) 

= ((1 - gfc)v5(l - qk),PXn -pXm) + {(pqk,PXn -pXm)- 

This gives 

|(V3,pX„ -pXra)\ < V {(p{l - qk){pXn - pXm){l " qk))\ + |(v?gfc,pX„ - po;™) | • 

Since (/^g^ belongs to M., 

lim sup I ((/?gfc,pa;„ -pa;„) I < 2 \\^\\E*[M,r) ' ^^Va&K 11(1 - - . 



n,,m— >oo 



Now since 1 — |fc and pK is £'-equi-integrable, we obtain that 

lim {Lpqk,pxn- pXm) = 0. 

The lemma is proved. 

To complete the proof of Proposition |2]^, let {pfcj^i be a sequence of projections that 
increases to 1 and T{pk) < oo and fix e > 0. Choose ko > 1 such that 

SUPaGi^ 11(1 -Pfeo)«(l -Pfco)ll£(^,r) < 
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We have K = pkoK + {1 - pko)Kpko + (1 - Pko)K{l - pko) which imphes that 

K C pk^K + (1 - pko)Kpko + eBE{M,T) 

where Be{m,t) denotes the closed unit ball of E{M.^ r). From Lemma |2]^, the sets Pk^K and 
(1 — Pko)Kpko are relatively weakly compact which concludes that K is relatively weakly 
compact. The proof is complete. □ 

Remark 2.8. // r(l) < oo, the proof above can be considerably shortened. In this case, 
E{J^,r) C L^{A4,t) so if K is E-equi-integrable, then it is relatively weakly compact in 
L^{M., t) and on can argue as in the last part of Lemma \2. 7{ to conclude that K is relatively 
weakly compact in E{Ai,T). 

The following proposition should be compared with (Theorem 5.1 and Theorem 5.2). 
It generalizes well known property of equi-integrable sets in function spaces to the non- 
commutative settings. 

Proposition 2.9. Let E be a symmetric quasi-Banach space function space and K be a E- 
equi-integrable subset of E{A4, r). For each sequence {xn}'^=i in K and x G K, the following 
are equivalent: 

(a) lim \\xn — x\\ n = 0; 

(b) {Xn}'^=i converges to x in measure (as n ^ oo). 

Proof. The implication (a) =^ (b) is trivial. For (6) =^ (a), we will assume that x = 0. Recall 
that there exists < a < 1, such that M n L'^{M,t) C E{M,t) C M + L'^{M,t) with 
||a^||A4+L°(A4,r) < ||a;||_B(A4,r) < 2 1| X || ;KnL<^(A^,T) for every x E M f] L°'{M,t). The proposition 
will be proved by showing the following lemma: 



Lemma 



2.10. For every pe Mp with t{p) < oo, lim = lim = 0. 



To see this lemma, fix e > and let C = max{l,r(p)}. Since K is equi-integrable, 
there exists 6 > such that whenever q G A4p satisfies r(g) < 6, then for every n G N, 
< e/{2Y^°'. Since both {xn}'^=i and {a;*}^^]^ converge to zero in measure, 
one can choose no > 1 such that for each n > no, there exists a projection pn G Aip with 
r(l -pn) < S, 

and 
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For n > uq, 

\\^nP\\EiM,r) < \\XnPnPrE(^M,T) + \\PnXn{l - Pn)p\\E{M,r) + Wi'^ ' Pn)Xn{l - Pn)p\\%^M,r) 

<^ ill II II II a 

2^ Z max < , W^nPnPW La(^j^^'^'j 

+ 2"max|||x>„||;t( . - Pn)<Pn|lL-(^,r)} + WC^ ' Pn)Xn{l ' Pn)\\E{M,r) 

< 2.2° max {£"/2"4C, (£"/2"4C)r(p)} + e°/2 

A similar estimate works for The lemma is verified. 

To complete the proof of Proposition |2]^, choose a mutually disjoint family {ej}jg/ of 
projections in M. with = 1 for the strong operator topology and T(ei) < oo for all 

i E I. Using a similar argument as in |2^, one can get an at most countable subset {ek}'^=i 
of {ej}jg/ such that for each Cj outside of {ek}'^^i, CiXn = x„ej = for every n G N. Let 
e = J2keN^k- Replacing by eA^e and r by its restriction on eA^e, we may assume that 
e = 1. Let pn = J2k>n^k- It is clear that pn in and r(l — pn) < oo for every n G N. Fix 
e > and choose no > 1 such that 

SUPneN \\Pno^nPno\\E{M,T) — ^■ 

We get that 

limsup < lim \\xnil - PnM%[M,T) + 1™ IK(1 - Pnolls(^,r) + ^ = ^ 

and since e is arbitrary, the proof is complete. □ 



For the rest of this section, we collect some results that will be useful in the later sections 
of the paper. 

The inequality given below can be viewed as the analogue of the well-known fact on normal 
functional on von Neumann algebra, |(y9(a)p < ■ ly^l (aa*) whenever a E M. and G A^* 



19 , Proposition 4.6 p. 146], to the general case of symmetric spaces of measurable operators. 



Proposition 2.11. Let x G E{M,t) and y e M then 



\^y\\E{M,T) 



< 



\^\y\\E{M,T) 



< \\x\ 



E{M,t) ' \\y \^\y\\E{M,r) 



Proof. Let x = u\x\ be the polar decomposition of x. Then = ||'^^|2;|y||£;(_;vi r) — 

and using Holder's inequality. 



\x\y\ 



E{M,t)- 



Also II |x|y| 



E(M,t) 



\^\y\\E{M,T) 



< 



\X\ 2 



|a;| ■2\x\2y 



E(^){M,t) 



E{M,t) 

1 

\x\2y 



S(2)(A1,t) 



\X 



e{m,t) ' \\y \^\y\\E{M,T) 
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□ 



Remark 2.12. Let K he a hounded subset of E{Ai,T) . If we set \K\ := {\a\ : a G K}, then 
it is clear from Proposition 2.11 that if \K\ is E -equi-integrable then for every decreasing 



projections e„i„0, lim sup^g^^ ll^^e^H^,^ ^ 
\K\ is E -equi-integrable then so is K . 



lim sup^.g;^ ||er 



x\ 



0. In particular if 



Proposition 2.13. Assume that E is a-convex with constant 1 for some < a < 1. Let 
{pn}'^=i be a sequence of decreasing projections in A4 and K be a bounded subset of E{Ai, r) 
such that: 

(i) Pn in 0; 

(ii) For each n>l, the sets (1 —pn)K and \K{1 — Pn)\ (ii"^ E- equi-integrable. 
Then K is E- equi-integrable if and only if lim sup^g^^ WVnO-PnWpiM t'] — 0- 

Proof. We will show the non trivial implication. Fix fk [k 0, a sequence in M.p. We need to 
show that ^lim sup^g^ ll/fea/fclU(x,r) = 0- 

We will assume without loss of generality that is a subset of the unit ball of E{Ai, r). 
For every a & K, 

fkO-fk = /fc(l - Pn)afk + fkPnafk 

= fk{l - Pn)afk + fkPnail - Pn)fk + fkPndPnfk- 

Since E{Jli,T) is a-convex, we get: 

\\fkafk\\E(M,r) < \\fk{'^-Pn)afk\\EiM,T) + W fkPna{l - Pn) fk\\E(M,r) + ll/fcPnap„/fc ||°(^_^) 
< \\fk{'^ - Pn)afk\\%(^M,T) + \H^-Pn)fk\\ E(M,t) + \\PnO'Pn\\E(M,T) ■ 

Using Proposition |2.11| on the second term, we have 

\\fkafk\\E(M,r) < \\fk{'i--Pn)afk\\E(M,r) + ' Pn)\\ E(M,r) ' W fkHl - Pn)\ fk\\ E^M,r) 

+ \\P 

Let e > 0, choose riQ large enough so that sup^g^ lbno'j^Pnoll£;(Ai r) < ^- conclude that 
lim sup^g^ < lim sup^g^ ll/fc(l - Pno)a/fc||^(A4,r) 

ot 

+ ^l|^SUp„Gi^ ll/fc|a(l -J'no)l/fc|ll(^,^) +^"- 

By (ii), the first two terms converge to zero so lim sup^g;^ WfkO-fkWEiM^r) < ^ and since e is 
arbitrary, the proof is complete. □ 

The next proposition can be found in (Proposition 2.5). 
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Proposition 2.14. Assume that E is a-convex with constant 1 for some < a < 1 and 
satisfies a lower q-estimate with constant 1 for some finite q > a. If k = 2q/a, then for all 
y G E{A4, t), for all projections e, f E A4 with e + f = 1 and r(e) < oo, it follows that 



\eye\\'hiM,r) + \\eyf\\EiM,r) + \\fye\\EiM,r) + \\fyf\\EiM,r) < Wv"' 



\E{M,t)- 



The proof of the next lemma is just a notational adjustment of the proof of a lemma from 
the L^-case [0 so we will leave the details to the interested readers. 

Lemma 2.15. Let {xk}kLi be a bounded sequence in E{Ai,T) and {en}'^=i be a decreasing 
sequence of projections in M. such that e„ |„ 0. Assume that lim sup^^gj^ ||ena;fce„||£;(_A4^^) = 

7 > then there exists a subsequence {xk„}'^=i so that lim \\enXk„en\\E(M,T) = 7- 



3. Kadec-Pelczynski theorem for symmetric spaces 
The main result of the present article is the following theorem. 

Theorem 3.1. Let E he an order continuous symmetric quasi-Banach function space in 
that is a-convex with constant 1 for some < a < 1 and suppose that E satisfies a lower 
q-estimate with constant 1 for some q > a. 

Let {xn}'^=i be a bounded sequence in E{A4,t) then there exists a subsequence 
(^f {xn}'i^=i, bounded sequences {yk}kLi (^i^d {zk\'^^i in E{M.,t) and a decreasing sequence 
of projections pk in in A4 such that: 

(i) Xuk =yk + Zk for all k > 1; 

(ii) {yk '■ k>l} is E-equi-integrable and PkykPk = for all k > 1; 

(iii) {zk}'^^i is such that PkZkPk = Zk for all k > 1. 

The proof will be divided into several steps. Without loss of generality, we will assume that 
the sequence {xk}'kLi is a subset of the unit ball of E{A4,t). Since we are dealing with se- 
quences, we can and do assume without loss of generality that is countably decomposable 
(see 



and the proof of Proposition |2]^ above for the details of such reduction). 
Set Til := {{en}'^=i C A4p : e„ |„ and T(ei) < oo} and consider 



6 :-- 



sup jjirn supfcgr^ ||e„|xfc|e„||^(_^^^) ' ^^"J'^=i ^ ^i}- 



As in [0, one can show that 6 is attained and using Lemma ^.15| , one can choose a 
subsequence of {xn}'^=i (which we will denote again by {xn}'^=i) and {en}'^=i G Di such 
that 



(3.1) S= lim ||en|a;„|e„||£;.^ ^ 

and 

(3-2) S* = Jirn ||e„K|e„||^(^^^) = sup | Jirn sup;^ \\(ln\xl\qn\\E(M,r)'dln}^=i ^ 
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For each n > 1, set Vn '■— Xn — enXnGn and let V :— {vn n>l}. 

Lemma 3.2. There exists a sequence of projections {gn\'^=i in M. with: 

(1) For every n>l,gn<l- e„; 

(2) T{gn) < oo, in particular Qn is a finite projection; 

(3) Qn r 1- 

Proof. The lemma can be obtained inductively. Since M. is countably decomposable, there 
exists (/?o a faithful normal state in Al*. Since 1 — e„ is a semifinite projection, there exists 
a sequence of projections {g^f'}^i with T{gY^) < oo for every j >1 and Qj"'^ 1 — e„. One 
can choose j„ > 1 such that </7o(l — e„) — </7o(fl'j"^) <l/n. Set 

.(1) 



9n ■■= 9 J, 

An) 



for n 



9n = g)jygn-i forn>l. 



It is easy to verify that {g'nj^i satisfies the requirements of the lemma. □ 

For each n > 1, let p„ = 1 — gn- Clearly pn in 0, 1 — Pn is a finite projection and Pn > e„ 
for each n>l. 

Lemma 3.3. For each n>l, the sets \V{1 — Pn)\ CLnd |(1 — Pn)y\ (ire E-equi-integrable. 

Proof. Let us show that for every n > 1, \V{1 — pn) \ is an i?-equi-integrable set. Assume that 
there exists ko > 1 such that is not ii^-equi-integrable. By definition, there exists a 

decreasing sequence of projections g„ J,„ such that lim sup(jg|y(i_p^^)| a ^nll^;^^^) > 0, 
that is 

lim SUp^ei^ \\Qn\Vm{^ - Pko)\Qn\\E(MT) > 0" 
n— >oo ^ ' ' 

Choose a strictly increasing sequence {m„}^i of N such that 

lim ll^nl-ym^Cl -Pko)\qn\\E(Mr) > 0" 

n—>-oo ^ ' ' 

Let Un,ko be a bounded operator such that |t'm„(l - Pko)\ = Un,koVmn{^ -Pfeo)- We get that 

Iknkmnll ~ Pko)\Qn\\E{M,T) ~ ll?n'^n,fco'^m„(l ~ Pko)Q'n}\E{M,T) 

We recall that < Pko and since {e„}^i is decreasing, for > ko, e^^ < Pko and therefore 
€^^{1 — Pko) = and since ||?n^*n,fcolloo — 1) obtain that for n large enough, 

Ikn|l^m„(l ~ Pko)\(ln\\E{M,T) ~ \\QnUn,ko{Xm„){'i- ~ Pko)(ln\\ e{M,t) 

^ lkm„(l ~ Pko)Qn\\E{M,T) ■ 
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Using Proposition |2.11| , with x = Xm„ and y = {1 — Pko)(ln, we get 

1 1 

\\Qn\Vm„{'^ ~ Pko)\Pn\\E{M,T) — ll^mn II|;(A4,t) ' Ik" ( ~ Pfco ) l^^m™ | (1 " Pfco II |;(>1,r) 

1 

< \\qnil - Pko)\x„,„\{l - Pko)qn\\l^M,T) ■ 

This imphes that 

hmSUp \\qr,{l - Pko)\XmJ{'i- - Pko)<ln\\E{M,T) > 0" 
n— >oo 

Let Sn be the left support projection of {l—Pko)<ln (this is equal to the right support projection 
of qn{l - Pko))- We have 

iknll ~ Pfco)l^m„|(l ~ Pko)Qn\\E{M,T) ~ Wlni'^- ~ Pko) ^n\Xm„\Sn{'i- ~ Pko)Qn\\ e{M,t) 

^ ll-^nl^^m,! |'5r),||£;(_A/(^T-) • 

By the definition of support projection, s„ < (1 — pko) for every n > 1, so {sn}'^=i is a 
sequence of finite projections. As in proof of Lemma we note that s„ = g„ Vp^o "Pfco and 
as before, Sn ~ qn-qnApko- Now since g„ |„ 0, qn-qn^Pko U hence r(s„) = r(g„-g„A]9fco) 
converges to zero which implies that s„ |„ 0. Therefore, {snjJJ?^]^ G Tii. 

In summary, we get {sn}'^=i G 2)1 with s„ < 1 — pk^ for each n > 1 and for some 7 > 0, 

(3.3) limsup ||s„|a;^„|s„|| = 7. 

n— >oo 

Lst fn-~^n^ ^m„- 

For each m„ > /cq, s„ < 1 - p^o < 1 - so s„ ± e^^ hence = + e^„. In particular 
Using Proposition p.l4| (it applies since r(/„) < 00), 

2q 29 29 

l^(A4,r) + ll^mnla^mnlSnll^j-^v^.r) 

2q 2q 

'We{M,t) ~^ \\^rn„\Xmn\^m„\\ e{M,t) 

2q 2q 

\e{M,t) + ll^mnl^m„|em„||^(_A4_r) • 

Taking the limit as n tends to 00, one gets from (|3.1|) and (|3.3|) that 5"^ > 7"^ +5"^. This 
is a contradiction since 7 > 0. 

We conclude that for every > 1, the set |l^(l — Pn)\ is an ii^-equi-integrable set. 

For the case of |(1 —Pn)V\^ it is enough to repeat the argument above for V*{1 —pn) using 
the definition of 5* (instead of 5). Details are left to the reader. This ends the proof of the 
lemma. □ 



> 


II 'Sn 


I'^Tln \ Sn 


+ 1 


1 1 


XrUn 1 ^rri.. 


> 


II '^n 


\Xmn \ ^Tl 



We will proceed to the proof of Theorem |3.1| . Consider two cases. 
Case 1: Assume that V is E-equi-integrahle. 
It is enough to set yn = Xm„ - em„Xm„era„ and Zn = em„Xra„em„. 
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Case 2: Assume that V is not E-equi-integrahle. 

Proposition |2.13| and Lemma |3.ij| imply that there exists > such that 



hm SUp„gy \\PnVPn\\E(MT) = ^ > ^- 

Choose a subsequence {vrn^'k=\ such that 

(3.4) ^lim \vkVn^Vk\ e(m,t) = ^ > 0. 

For each k > 1, let Wk := Vn^. — PkVntPk and set 

W ■.= {wk: k>l}. 



Lemma 3.4. The set W is E-equi-integrahle. 

Proof. We note first that if A; > n, then (1 —pn)wk = (1 ~Pn)vk and —Pn) = "^^(1 ~Pn) 
so for fixed n > 1, (1 — Pn)W = {(1 — Pn)wk '■ k < n} U {(1 — Pn)Vk '■ k > n}. Similarly, 
W{1 - pn) = {wkil -Pn) ■■ k<n}U {vkil -p„) ■■ k>n}. 

Lemma |^ implies that for every n > 1, both \W{1 — Pn)\ and (1 — Pn)W are £^-equi- 
integrable sets. Therefore, if W is not i?-equi-integrable, there would be a subsequence 
{wk(j)}'^i of {wfcjfc^i and e > such that 



(3.5) 



lim \\pjWk(j)Pj\ 



E{M,t) 



e. 



Using Proposition |2.11 

2p 



on and pj = {pj - Pk(j)) + Pk{j), we obtain: 



Pj'^nk^j-)Pj 



> 



E{M,t) 



(Pj - PkU))Vn,,JPj - PkU)) 



2q 



E{M,t) 



+ 



Pk{j)Vn^U){P] - Pk{j)) 



(Pj - Pk{j))Vn,^,^Pk{j) 



2q 



E{M,t) 



+ 



(Pj - Pkij))Vn^uM - Pk{j)] 



2q 

E{M,t) 

2q 

a 

E(M,t) 



+ 



Taking into account the identities, {pj -Pk{j))vnk^,^ {Pj -Pk{j)) = {Pj -Pk(j))wk{j){Pj -Pk{j)), 
{Pj - Pk{j))vnk^j)Pk{j) = PjWk{j)Pk(j) and Pk{j)Vnk(^^^{Pj - Pk(j)) = Pk{j)Wk(j)Pj, one can deduce 
that. 



Pj'^nk(j)Pj 



2q 



E(M,t) 



22 



> \\iPj - PkU))WkU){Pj - PkU))\\E(^j^^^) + \\Pj^kU)PkU)\\E(M.r) + 



\pk{j)wk{j)pj\ 



22 

i a 

\EiM,T) 



+ 



Pk{j)Vn„(^)Pk{j) 



\E(M,t) 



2q 



E(M,t) 



2q 2q 

Let C(g, a) be the norm of the identity map from £3° onto £3 , where £3" (resp. £3 ) denotes 
the 3-dimensional £"^-space (resp. ^"-space). We have 
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2q 



E{M,t) 



>C{q,af^ 



\{Pj - PkU))wk{j){Pj - Pk{j)] 



\P3^Hj)PkU)\\E{M,r) + \\PHJ)^Hm\\EiM,r 



\E{M,t) 
) 



+ 



+ 



Pk(j)^n^U)Pk{3) 



2q 



E{M,t) 



We remark that PjWk[j)Pj = {pj - Pk{j))w^j){pj - Pk(j)) + PjWk(j)Pk{j) + Pk{j)Wk{j)Pj and since 
E{Ai,T) is a-convex (with constant 1), the above inequahty imphes 

2q 



Pj'^nf,(j)Pj 



2q 



E{M,t) 



22 II II 22 



+ 



Pfc(i)^"fe(,)Pfc(i) 



E{M,t) 



and taking the hmit as j — 00, we get from (|3.4| ) and (|3.5|) that 

2q N 29 29 2q 

V" >C[q,a)"ea +V". 

This is a contradiction since £ > 0, so is a i?-equi-integrable set. The lemma is proved. 

To complete the proof of Theorem ^7\[ we note that W = {xn^. — Pk^n^Pk '■ > 1} so if 
we set Uk = - PkXnt^Pk and = PkXn^Pk- The proof of is complete. □ 



Remarks 3.5. (1) If M. = B{1'^) with the usual trace, then every projection of finite trace 
is a finite rank projection so in the proof above, 5 = 5* = 0. In the particular case of unitary 
matrix space Ce where E is a symmetric sequence space, one proceed directly to Case 2 by 
setting W := {xn — PnXnPn', n > 1} where {pn}'^=i is an arbitrary sequence of projections 
satisfying: Pn in and for every n>l, 1 — p„ is a finite projection. 

(2) If M. is a finite von Neumann algebra with a normalized finite trace t and E is a 
symmetric space on [0, 1] satisfying the assumptions of Theorem \3. 1\ , it is enough to take 
Pn = (i.e Qn = 1 — Gn on Lcmma 3.2) and conclude immediately as in Lemma \3.!^ that V 
is E-equi-integrable. 

(3) In the proof above, it is clear that the projections {pk}'k'=i o'^e such that either t{pi) < 00 
or r(l — pk) < 00 for all k > 1. In fact, the argument above shows that if {en}'^=i is 
a sequence in T>i that attained the quantities 6 and 6* , then any sequence of projections 
satisfying pn in 0, Cn < Pn for each n > 1 and t(1 — p„) < 00 for each n > 1, would satisfy 
the conclusion of Theorem \3.]\ . 

The following extension shows that if one considers finitely many bounded sequences in 
E{M., t), one can choose a single sequence of projections that works for each sequence. 
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oo 
n=l 



Corollary 3.6. If M. and E are as in Theorem ^ and {x^^^ }^^^^ , (x^^) }^^^ , . . . , {x^^°^ } 
be finitely many bounded sequences in E{A4,t). Then there exist a strictly increasing se- 
quence {rifc}^]^ of N and a sequence of decreasing projections pk Ik in A4 such that for 



each 1 < j < jo, the set | 



(i) 

■n-k 



(j) 

PkXniPk 



A; > 1 ^ is E-equi-integrable. 



Proof. For 1 < j < Jo? we set, as in the proof of Theorem PTT 



<^ hm supfcgN 


p 1 ^ ) 1 ^ 

"1 A: 1 


1 n-^oo 





E{M,t) 



{e4~ 1 e 



One can choose a strictly increasing sequence {nk}'^^i in N such that for each 1 < j < jo, 
there exists a sequence {e'k^}k'=i ^ with 



5. 



lim 

fc^oo 



(j)u(i)|p(j) 



and 



lim 



* e 



(i) 



-E(M,r) 



sup < lim supfc 



E{M,t) 



fi I '~f* ^ I 



£;(A4,r) 



For every > 1, set Ck := Vi<j<joe^"' . Since T{ek) < X^jLi ''"(^If )' is clear that the 
sequence {ek}'^=i belongs to Tii and each of the 6/s and S*'s are attained at {ek}'^=i- One 
can complete the proof by proceeding as in the proof of Theorem simmultaneously on 
the finite set of sequences and the fixed {ek}'^=i- □ 



Our next result shows that the decreasing projections in the decomposition can be replaced 
by mutually disjoint projections. 

Theorem 3.7. Let E be an order continuous quasi-Banach function space as in Theo- 
rem Let {xn}'^=i be a bounded sequence in E{M.,t) then there exists a subsequence 
{xnf,}kLi of {xn}'^=i, bounded sequences {ipk}'kLi '^^'^ {Cfcjfc^i in E{J\4,t) and mutually dis- 
joint sequence of projections {ek}'^^i such that: 

(i) Xn^ = ipf. + Ck for all k > 1; 

(ii) {ipk '■ k > 1} is E-equi-integrable and Ck^Pk^k = for all k > 1; 

(iii) {(k}'kLi swc/i that e^Ck^k = Ck for all k > 1. 

Proof. Let {xn}'^=i be a bounded sequence in E{Ai, r) and suppose (by taking a subsequence 
if necessary), Xn = Vn + with PnVnVn = 0, the set : n > 1} is i?-equi-integrable and 
Pn^nPn = foY all n > 1, be the decomposition of {xn}'^=i as in Theorem [STI . 
Let ni = 1. Since p„ |„ and 



PlZlPl - (pi - Pn)Zl{pi - Pn) = PnZlPl + PlZiPn " PnZlPn, 
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Proposition reforder-continuity(part(ii)) shows that 

hm WpiZiPi - (pi -Pn)zi{pi -Pn)\\E(M,T) = 0. 

n— KXD 

Choose n2 > rii = 1 such that 

WpiZlPl - {Pl-Pn2)zi{pi -Pn2)\\E{M,T) < ^• 

Inductively, one can construct rii < n2 < ■ ■ ■ < rij. < . . . such that 

WPrik^nkPrik " (Pn^ - Pnk+i)Znk{Pnk " Prifc+i ) || £;(A4,r) < ^• 

Since z„ = PnZnPn for every n > 1, one gets 
For every A; > 1, set 

Cfc : = Pnfe ~ Prik+i 

Ck '■ = (Pnfc ~ Pnk+i)Znk{Pnk ~ Prik+i) 

Since : > 1} is a ii^-equi-integrable set and hm — ekZn,.ek\\E(M,T) = 0, it is clear 
that {{pk : > 1} is _E-equi-integrable. Also {ek}'^=i is mutually disjoint. The proof is 
complete. □ 

Corollary 3.8. Let E be an order- continuous symmetric Banach function space on with 
the Fatou propery. Let {x„}„=i be a bounded sequence in E{A4,t) then there exists a sub- 
sequence {xn,.}'kLi of {xn}'^=i, bounded sequences {ipk}'^^i and {(k}'kLi in E^jvi^r) and mu- 
tually disjoint sequence of projections {efcj^j^ such that: 

(i) Xn^ = '-Pk + Ck for all k>l; 

(ii) {(fik '■ k > 1} is E-equi-integrable and ekfk^k = for all k > 1; 

(iii) {Cfcjfcli is such that CkCk^k = Ck for all k > 1. 

Proof. Assume that E has the Fatou property (equivalenty E does not contain cq). Since 
E is symmetric, E ^ cq is equivalent to E not containing i"^ uniformly, and therefore E 
satisfies the g-lower estimate for some q and one can renorm E so that it satisfies the lower 



g-estimate of constant 1. All of these facts can be found in [Q. □ 



The proof of Theorem can be adjusted to obtain decompositions where the projections 
are taken only on one side, that is, the following result follows: 
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Corollary 3.9. Let E be an order continuous quasi-Banach function space in M"*" that is 
a-convex with constant 1 for some < a < 1 and suppose that E satisfies a lower q-estimate 
with constant 1 for some q> a. Let {xn}'^=i be a bounded sequence in E{Ai,T) then there 
exist a subsequence {xn,.}'^=i of {xn}'^=i, bounded sequences {yk}'kLi (^''^d {z^)^^^ in E{A4, r) 
and decreasing projections Ck in in A4 such that: 

(i) Xni, =yk + Zk for all k>l; 

(ii) CkHk = for all k > 1 and lim supfc>i \ \fnyk\\E(M,T) = for every /„ |„ 0. 

(iii) {zk}'^^i is such that CkZk = Zk for all k > 1. 

Definition 3.10. A subspace X of L^{Ai,T) is called strongly embedded into U\M.,t) if 
the L^ and the measure topologies on X coincide. 



The following result is a direct application of Proposition |2.9| and Theorem 

Theorem 3.11. Let I < p < oo. Every subspace of Lp{M,t) either contains almost iso- 
metric copies of P' or is strongly embedded in Lp{A4,t). 

The next corollary should be compared with [jl8|, Theorem 2.4]. 

Corollary 3.12. Assume that Ai is finite and p > 2. Every subspace of L^{M.,t) either 
contains almost isometric copies of &' or is isomorphic to a Hilbert space. 

For the commutative case, the space &' can not be strongly embedded in Lp[0,1] for 
< p < 2. This is due to Kalton |]T3| for < p < 1 and Rosenthal [T^ for the case 1 < p < 2 



(see also for another approach). A non- commutative analogue should be of interest. 

Problem: Let M. be a semifinite von Neumann algebra and < p < 2. Does P' strongly 
embed into L^^M, r) ? 

References 

[1] C.A. Akemann, The dual space of an operator algebra, Trans. Amer. Math. Soc. 126 (1967), 286-302. 
[2] N.L. Carothers and S.I. Dilworth, Subspaces of Lp^q, Proc. Amer. Math. Soc. 104 (1988), 537-545. 
[3] V.I. Chilin and F.A. Sukochev, Weak convergence in non-commutative symmetric spaces, J. Op. Th. 31 
(1994), 35-65. 

[4] P.G. Dodds, T.K. Dodds, and B. de Pagter, Non- commutative Banach function spaces, Math. Zeit. 201 
(1989), 583-597. 

[5] , Non-commutative Kothe duality. Trans. Amer. Math. Soc. 339 (1993), 717-750. 

[6] P.G. Dodds, T.K. Dodds, P. N. Dowhng, C. Lennard, and F. A. Sukochev, A uniform Kadec-Klee 
property for symmetric operator spaces, Math. Proc. Camb. Phil. Soc. 118 (1995), 487-502. 

[7] P.G. Dodds, T.K. Dodds, P.N. Dowhng, C. Lennard, N. Randrianantoanina, and F.A. Sukochev, Sub- 
spaces of preduals of von Neumann algebras , In preparation. 

[8] T. Fack and H. Kosaki, Genaralized s-numbers of t -measurable operators, Pac. J. Math. 123 (1986), 
269-300. 



18 



NARCISSE RANDRIANANTOANINA 



[9] T. Figicl, N. Ghoussoub, and W. B. Johnson, On structures of non weakly compact operators on Banach 

lattices, Math. Ann. 257 (1981), 317-334. 
[10] W. B. Johnson, B. Maurey, G. Schechtman, and L. Tzafriri, Symmetric structures in Banach spaces , 

Mem. Amer. Math. Soc. 217 (1979). 
[11] M. Kadcc and A. Pelczyhski, Bases, lacunary sequences and complemented subspaces of Lp, Studia 

Math. 21 (1961/1962), 161-176. 
[12] R. V. Kadison and J. R. Ringrose, Fundamentals of the theory of operator algebras II, first ed., vol. 2, 

Academic Press, 1986. 

[13] N. Kalton, Linear operators on Lp for < p < 1, Trans. Amcr. Math. Soc. 259 (1980), 319-355. 

[14] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces II, first ed.. Modern Surveys In Math. , vol. 97, 

Springer- Verlag, Berlin-Heidelberg-New York, 1979. 
[15] E. Nelson, Notes on non- commutative integration, J. Funct. Anal. 15 (1974), 103—116. 
[16] H.P. Rosenthal, On subspaces of Lp, Ann. Math. 97 (1973), 344-373. 
[17] H. H. Schaefer, Banach lattices and positive operators , first ed.. Springer- Verlag, 1974. 
[18] K. A. Sukochev, Non-isomorphism of Lp-spaces associated with finite and infinite von Neumann algebras, 

Proc. Amcr. Math. Soc. 124 (1996), 1517 1527. 
[19] M. Takesaki, Theory of operator algebras I, Springer- Verlag, New- York, Heidelberg, Berlin, 1979. 
[20] L. W. Weis, Banach lattices with subsequence splitting property , Proc. Amer. Math. Soc. 105 (1989), 

87-96. 

[21] Q. Xu, Analytic functions with values in lattices and symmetric spaces of measurable operators. Math. 
Proc. Camb. Phil. Soc. 109 (1991), 541-563. 

Department of Mathematics and Statistics, Miami University, Oxford, Ohio 45056 
E-mail address: rcindrinQmuohio.edu 



